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1. Introduction
It was proved in [1,11,14] that
n
n + 1 <
(
1
n
n∑
i=1
ir/
1
n + 1
n+1∑
i=1
ir
)1/r
(1)
for all natural numbers n, and all real r > 0, and the lower bound is the best possible. (1) is called Alzer’s inequality. In [2,3]
Alzer’s inequality was extended to all real r. Alzer’s inequality was generalized in [4–7,9,10,15].
The generalized logarithmic mean Lr(a,b) of two positive numbers a and b is deﬁned in [12,13] for a = b by Lr(a,b) = a
and for a = b by
Lr(a,b) =
(
br+1 − ar+1
(r + 1)(b − a)
)1/r
, r = −1,0,
L−1(a,b) = b − a
lnb − lna = L(a,b),
L0(a,b) = 1
e
(
bb
aa
)1/(b−a)
= I(a,b).
Clearly,
L1(a,b) = A(a,b), L−2(a,b) = G(a,b),
where A, G , L, I are arithmetic, geometric, logarithmic and identric means, respectively. It is known that Lr(a,b) for a = b
is a strictly increasing function of r. Clearly, for a = b,
G(a,b) < L(a,b) < I(a,b) < A(a,b). (2)
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lim
r→−∞ Lr(a,b) = min{a,b}, limr→+∞ Lr(a,b) = max{a,b}. (3)
In this paper, we shall establish a monotonicity property for the ratio between two generalized logarithmic means. As an
application, we extend Alzer’s inequality to all real r.
Theorem 1. Let b, δ and ε be positive numbers. Then the function
f (r) = Lr(b,b + ε)
Lr(b + δ,b + δ + ε)
is strictly increasing in r ∈ (−∞,+∞).
Remark 1. By Theorem 1, we obtain the following result: Let b, δ and ε be positive numbers. Then for r ∈R,
b
b + δ <
Lr(b,b + ε)
Lr(b + δ,b + δ + ε) <
b + ε
b + δ + ε . (4)
The lower and upper bounds in (4) are the best possible, since
lim
r→−∞
Lr(b,b + δ)
Lr(b + δ,b + δ + ε) =
b
b + δ ,
lim
r→+∞
Lr(b,b + δ)
Lr(b + δ,b + δ + ε) =
b + δ
b + δ + ε .
Theorem 2. Let n be a natural number. Then, for all real r,
n
n + 1 <
(
1
n
n∑
i=1
ir/
1
n + 1
n+1∑
i=1
ir
)1/r
< 1. (5)
The lower bound nn+1 and the upper bound 1 are the best possible.
Remark 2. (i) The right hand inequality of (5) is equivalent to
1
n + 1
n+1∑
i=1
ir ≷ 1
n
n∑
i=1
ir, according as r ≷ 0, (6)
i.e. the arithmetic mean of the rth powers of 1 to n increasesdecreases with n according as r ≷ 0.
(ii) The left hand inequality of (5) is equivalent to
1
n + 1
n+1∑
i=1
(
i
n + 1
)r
≶ 1
n
n∑
i=1
(
i
n
)r
, according as r ≷ 0, (7)
i.e. the Riemann sum for
∫ 1
0 x
r dx with n equal subintervals decreasesincreases with n according as r ≷ 0.
2. Proofs of Theorems 1 and 2
Proof of Theorem 1. Deﬁne for r ∈ (−∞,∞),
ϕ(r) =
⎧⎨
⎩
ln( (b+ε)
r+1−br+1
(b+δ+ε)r+1−(b+δ)r+1 ), r = −1,
ln( ln[(b+ε)/b]ln[(b+δ+ε)/(b+δ)] ), r = −1.
Then,
ln f (r) =
{ ϕ(r)
r , r = 0,
ϕ′(0), r = 0.
In order to prove that ln f (r) is strictly increasing, it suﬃces to show that ϕ is strictly convex on (−∞,+∞). Easy compu-
tation reveals that
ϕ(−1− r) = ϕ(−1+ r) + r ln (b + δ + ε)(b + δ) ,
b(b + ε)
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Hence, it is suﬃcient to prove that ϕ is strictly convex on (−1,+∞).
A simple computation yields
(r + 1)2ϕ′′(r) = (
b+δ
b+δ+ε )
r+1[ln( b+δb+δ+ε )r+1]2
[1− ( b+δb+δ+ε )r+1]2
− (
b
b+ε )
r+1[ln( bb+ε )r+1]2
[1− ( bb+ε )r+1]2
.
Deﬁne for 0 < t < 1,
ω(t) = t(ln t)
2
(1− t)2 .
Easy calculation gives
[
(1− t)t ln t] · ω′(t)
ω(t)
= (1+ t) ln t + 2(1− t) = −
∞∑
n=2
n − 1
n(n + 1) (1− t)
n+1 < 0,
which means that ω′(t) > 0 and ω(t) is increasing for 0 < t < 1. Since b, δ and ε are positive numbers, then, for r > −1,
0 <
(
b
b + ε
)r+1
<
(
b + δ
b + δ + ε
)r+1
.
Hence, we obtain ϕ′′(r) > 0 for r > −1, and then ϕ(r) is strictly convex on (−1,∞). The proof of Theorem 1 is complete. 
Proof of Theorem 2. For r = 0 (5) can be interpreted as
n
n + 1 <
n
√
n!
n+1√(n + 1)! < 1,
see [8], because of
lim
r→0
(
1
n
n∑
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ir/
1
n + 1
n+1∑
i=1
ir
)1/r
=
n
√
n!
n+1√(n + 1)! .
Since (n + 1)r ≷ all of {1r,2r, . . . ,nr} according as r ≷ 0, (n + 1)r ≷ 1n
∑n
i=1 ir , so 1n+1
∑n+1
i=1 ir ≷ 1n
∑n
i=1 ir , according as
r ≷ 0. This proves (6).
From (7), ( nn+1 )
r+1∑n+1
i=1 ir ≶
∑n
i=1 ir , according as r ≷ 0, i.e. n
r+1
n+1 ≶ [1− ( nn+1 )r+1]
∑n
i=1 ir , i.e. (since (n+1)r+1−nr+1 ≷ 0
according as r + 1≷ 0),
n∑
i=1
ir ≷ n
r+1(n + 1)r
(n + 1)r+1 − nr+1 , according as r(r + 1)≷ 0. (8)
Our argument says nothing when r = −1. However, when r = −1, from (7) we get ∑n+1i=1 i−1 >∑ni=1 i−1, so (7) is true when
r = −1. Evidently, our ‘general’ argument deals with all the non-obvious cases of the theorem, but fails in this special case,
in which the theorem is obvious. We may thus assume r(r + 1)≷ 0 in all other cases to be proved.
Now we prove (8) by mathematical induction. Our induction hypothesis T (n) is then (8). T (1) is 1≷ 2r
2r+1−1 , according
as r(r + 1)≷ 0. But 2r+1 − 1≷ 0, according as r + 1≷ 0. Thus T (1) is 2r+1 − 1≷ 2r , according as r(r + 1)/(r + 1) = r ≷ 0,
i.e. T (1) is 2r ≷ 1, according as r ≷ 0, which is true.
T (n) implies
n+1∑
i=1
ir ≷ n
r+1(n + 1)r
(n + 1)r+1 − nr+1 + (n + 1)
r = (n + 1)
2r+1
(n + 1)r+1 − nr+1 ,
according as r(r + 1)≷ 0. This implies T (n + 1) if
(n + 1)2r+1
(n + 1)r+1 − nr+1 ≷
(n + 1)r+1(n + 2)r
(n + 2)r+1 − (n + 1)r+1 ,
according as r(r + 1)≷ 0, i.e. (since (n + 1)r+1 − nr+1 ≷ 0 according as r + 1≷ 0),
(n + 1)r
(n + 2)r ≷
(n + 1)r+1 − nr+1
(n + 2)r+1 − (n + 1)r+1 , (9)
according as r(r + 1)/(r + 1) = r ≷ 0. (9) can be written as
n + 1
>
(
(n + 1)r+1 − nr+1
r+1 r+1
)1/r
= Lr(n,n + 1) ,n + 2 (n + 2) − (n + 1) Lr(n + 1,n + 2)
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It is easy to see that
lim
r→+∞
(
1
n
n∑
i=1
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1
n + 1
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ir
)1/r
= n
n + 1 , (10)
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(
1
n
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1
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Thus, both bounds in (5) are the best possible. The proof of Theorem 2 is complete. 
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